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Abstract 
Ganter, B. and H.-D.O.F. Gronau, Two conjectures of Demetrovics, Fiiredi, and Katona, 
concerning partitions, Discrete Mathematics 88 (1991) 149-155. 
It is possible to find II partitions of an n-element set whose pairwise intersections are just all 
atoms of the partition lattice? Demetrovics, Ftiredi and Katona [4] verified this for all n - 1 or 
4 (mod 12) by constructing a series of special Mendelsohn Triple Systems. They conjectured 
that such triple systems exist for all n - 1 (mod 3) and that the problem on the partitions has a 
solution for all n 3 7. We prove that both conjectures are ture, except for finitely many n. 
1. Introduction 
Let X be a finite set, 1x1 = at, say. The set of all partitions of X, ordered by 
refinement, forms a lattice, whose atoms are just the partitions with exactly one 
nontrivial class, this class having only two elements. There are (;) such atoms. 
Demetrovics and Katona [5] and later Demetrovics, Fiiredi and Katona [4] 
considered the problem of finding 12 partitions of X with the property, that the 
intersection of any two of these is an atom, and that every atom is obtained in this 
way. They solved the problem in the negative for 12 = 3 and it = 6 (it is easy to see 
that for IZ = 5 there is also no solution) and gave an affirmative answer for 12 = 7 
and for all it = 1 or 4 (mod 12). They conjectured that such partitions exist for ail 
n 3 7 (Conjecture 1 of [5] and of [4]). Their conjecture fails already for the first 
open value: there is no such solution for it = 8. However, we shall show that the 
conjecture is essentially correct: it holds for all but finitely many n. 
0012-365X/91/$03.50 0 1991- Elsevier Science Publishers B.V. (North-Holland) 
150 B. Canter, H.-D.O. F. Gronau 
2. Proof of the conjecture on directed triple systems 
To establish the existence of such a family of partitions, Demetrovics, Fiiredi 
and Katona constructed a family of combinatorial designs closely related to 
resolvable Steiner Triple Systems (with A = 2). They were able to construct such 
designs for all 12 = 1 or 4 (mod 12) and for II = 7, and conjectured their existence 
for all values which satisfy the obvious necessary condition. We quote their 
conjecture: 
Conjecture 2 (from [5,4]). There is a system of 3-element subsets of an 
n(=3r + 1)-element set (1, 2, . . . , n} satisfying the following conditions: 
(1) Any pair of elements is contained in exactly two 3-sets. 
(2) The family of 3-sets can be divided into it subfamilies where the ith 
subfamily is a partition of (1, 2, . . . , n}\{i}. (We shall denote this partition by 
Oi*) 
(3) Exactly one pair of two different subfamilies meets in two elements. 
It is obvious from conditions (2) and (3), that such a design gives a solution to 
the original problem on partitions. Condition (1) implies that the blocks form a 
Steiner Triple System with 3L = 2. Systems satisfying (1) and (2) have been studied 
by other authors, see e.g. Ganter, Giilzow, Mathon and Rosa [6]. In the second 
paper [4], the authors strengthened the conjecture by suggesting that it might 
even be possible to find a solution which also satisfies the following condition: 
(4) Each 3-element subset of the family can be cyclically oriented in such a 
way, that every ordered pair of elements is contained in exactly one such directed 
triple (Conjecture 2’ of [4]). 
A design satisfying (1) and (4) is usually called a Medekiohn Triple System [7]. 
Again, the conjecture turns out to false already for the first open case, n = 10. 
This was proved by Rausche by a tedious case analysis. 
Proposition 1 [8]. Conjecture 2’ of [4] is false for n = 10. 
We can, however, prove that this is the only exception. Our first step is to 
translate the problem into a problem on quasigroups: 
Proposition 2. For fixed n, Conjecture 2’ is equivalent to the existence of a 
quasigroup operation x 0 y on an n-element set satisfiing for all x, y: 
x0x=x, 
((x"Y)oY)oY=xP 
(u 0 x) 0 y = u has a unique solution in u. 
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Proof. Suppose a Mendelsohn Triple System satisfying (2) and (3) of Conjecture 
2 is given on a pointset P. On the same set, define a binary operation x 0 y by the 
following rules: x 0 x :=x, and, x #y, let x 0 y be the unique point to which 
there is an edge starting from x in the partition 0,. This defines a quasigroup 
operation, since every element fi is the starting point of a unique directed edge 
belonging to a triple of Oi, and is also the endpoint of exactly one edge of this 
partition. It is obvious that this quasigroup satisfies the two identities, and the 
solutions of (u 0 x) 0 y are exactly those points u, which belong to an edge 
( u, u 0 x) of 0, which in opposite direction (u 0 x, u) is an edge of 0,. 
Conversely, from every quasigroup (P, 0) satisfying the two identities we 
obtain a Mendelsohn Triple System satisfying (2) if we take 
@:={{X,X~i,(X~i)~i}~xEP,x#i}. 
The unique solvability of (u 0 x) 0 y = u guarantees that condition (3) is 
satisfied. 0 
Proposition 3. On GF(q) define a binary operation by x 0 y := ax + by, where a 
and b are two fixed elements. Then x 0 y is a quasigroup operation satisfying the 
conditions of Proposition 2 if and only if 
b=l-a#0 and a2+a+1=0. 
Proof. ax + by defines an idempotent operation iff b = 1 - a, and a quasigroup 
operation iff both a # 0 # b. The identity ((x 0 y) 0 y) 0 y =x is equivalent to 
a(a(a.x + (1 - a)y) + (1 - a)y) + (1 - a)y =x, 
which amounts to 
a3x =x for all x, and (a’ - 1)y = 0 for all y, 
which is satisfied iff a2 + a + 1 = 0, since a # 1. 
Solving (u 0 x) 0 y = u, we obtain 
a(au + (1 - a)x + (1 - a)y = u, 
i.e. 
(a2 - 1)u = a(a - 1)x + (a - l)y, 
which has a unique solution since a # 1 and a # -1 (-1 does not solve 
a*+a+l=O). Cl 
Note that the solutions of a2 + a + 1 = 0 are just the primitive 3rd roots of 
unity. Thus a solution can be found iff q is a prime power =l (mod 3). The 
spectrum, i.e. the set of all cardinalities of quasigroups atisfying the conditions of 
Proposition 2, therefore in particular contains the numbers 4,7, 19 and 31. This 
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suffices to establish their existence for all possible values with the standard block 
design construction: 
Let K be a set of integers, all >2, and let P be a set of IPI =: n elements, called 
points. A pairwise balanced design (PBD) with block sizes from K is a collection 
B of subsets of P (called blocks) with the following properties: 
(i) Each two-element subset {x, y} G P is contained in exactly one block b E B. 
(ii) lb1 E K for each block b E B. 
The number n is called the order of the PBD. A set S of intgers is said to be 
PBD-closed iff S contains all orders of pairwise balanced designs with block sizes 
from S. 
Proposition 4. The spectrum of the quasigroups satisfying the conditions of 
Proposition 2 is PBD-closed. 
Proof. Let B be the set of blocks of a pairwise balanced design on P such that for 
every block b E B there exists a quasigroup as in Proposition 2, having Ibl 
elements. We may well assume that on every block b E B we have a quasigroup 
operation satisfying these properties. The union of all these quasigroups is again a 
quasigroup, as the following arguments how. x 0 x = x holds on all blocks, thus it 
holds in the union. Any two distinct elements x # y E P are contained in a unique 
block 6, and x 0 y is defined only in b and thus is uniquely defined in the union. 
The quasigroup properties and the identity ((x 0 y) 0 y) 0 y =x are two-variable 
properties and therefore carry over to the union. What about the unique 
solvability of (U 0 X) 0 y = u? Suppose x f y (X = y and (u 0 X) 0 y = u implies 
u =x). Whenever u is a solution, the points u and u 0 x are distinct and lie on a 
block containing x, while u 0 x and (u 0 x) 0 y = u lie on a block through y. Thus 
u has to be contained in the block through x and y, and there the solution is 
unique by assumption. 0 
Theorem 1. Quasigroups satisfying the conditions of Proposition 2 exist for all 
cardinalities n = 1 (mod 3), except for n = 10. With this exception therefore, 
Conjecture 2’ of Demetrovics, Fiiredi and Katona is true. 
Proof. Pairwise balanced designs with block sizes from {4,7} exist for all orders 
n = 1 (mod 3) except for n = 10 and n = 19. This follows from results of Wilson 
[9] and Brouwer [2] (see [l] for a survey). For n = 10, Conjecture 2 is false, see 
Proposition 1. For n = 19 the existence follows from Proposition 3. 0 
3. Proof of the conjecture on inducing partitions 
We return to the original problem of finding n partitions of an n-element set 
whose pairwise intersections give all atoms of the partition lattice. We shall refer 
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to this as the partition problem. Let us call a solution 01, O,, . . . , 0, of this 
problem idempotent, if for all i the partition Oi contains the one-element class 
{i}. From the combinatorial construction of Theorem 1 we obtain idempotent 
solutions for all n = 1 (mod 3), n # 10. 
Proposition 5. No solution of the partition problem exists for n = 8. 
Proof. Assume that there is solution. Every partition has to contain exactly seven 
pairs of distinct elements, i.e. the block sizes of the partitions are 4,2,1,1 or 
3,3,2. Assume that all the partitions are of the second type. Then there are two 
partitions, A = ((1, 2, 3}, (4, 5, 6}, (7, S}} (w.1.o.g.) and B which meet exactly 
in (7, S}. Obviously, this is impossible. Hence, there is at least one partition A of 
type 4,2,1, 1, say A = ((1, 2, 3, 4}, (5, 6}, {7}, (8)). Now there is a partition B 
which meets A in {5,6} exactly. It is easy to verify that B has the structure 
{{a, 5,6, b), {a, b), ia>, {a>>, where the a’s are the elements of {1,2,3,4}, 
whereas b is 7 or 8. W.1.o.g. let B= ((1, 5, 6, 7}, (2, S}, {3}, (4)). By a 
computer search it turned out that there are exactly 154 partitions (78 of type 
4,2,1,1 and 76 of type 3,3,2) which meet A and B in exactly one pair each, such 
that both pairs are different. A complete computer discussion of all possible 
continuations has shown that there do not exist 8 partitions with the required 
properties. •i 
Proposition 6. There are idempotent solutions of the partition problem for n = 9 
and for n = 11. 
Proof. For n = 9, let 
Oi := {{i}, {i + 1, i + 2, i + 4, i + 5}, {i + 3, i + 7}, {i + 6, i + 8)) mod 9. 
For n = 11, let X:= (0, 1, . . . , lo}, define 
bi := {i + 1, i + 2, i + 3, i + 5, i + S} (mod ll), i := 0, 1, . . . , 10 
and let Oi be the partition with bi as its only nontrivial block: 
oi := {bi} u {{x} 1 x E X\bi}. 
In both cases it is straightforward to check that any two of the partitions 
intersect in a unique pair, and that every pair is obtained as such an 
intersection. 0 
Note that the nontrivial blocks of the example for n = 11 form the bi-plane of 
order 3, in which any two distinct points are contained in exactly two blocks, and 
any two blocks intersect in exactly two points. All biplanes will provide solutions 
of the partition problem, and conversely every solution of the partition problem 
in which every partition has only one nontrivial class, is obtained from a biplane. 
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However, only finitely many biplanes are known, see Cameron [3], namely for 
n = 7, 11, 16, 37, 56 and 79. 
Proposition 7. The set of integers for which an idempotent solution of the partition 
problem exists is PBD-closed. 
Proof. Let B be the set of blocks of a PBD on B, and suppose that for every 
b E B we have an idempotent family 
@!,, @&, . . . , {x1,x2,. . .}=b 
of partitions of b satisfying the conditions. 
ox:= 0 &. 
beB 
Then for x E P define 
We show that { @,I x E P} is again an idempotent solution. 
First we show that every 0, is a partition of P. The 
containing x is {x}. {b \ {x} 1 b E B} is a partition of B\ {x}, 
only member of 0, 
so if a member of 0, 
contains any element y different from x, then it must be contained in the block b 
through x and y and thus come from @. Since this is a partition, no two such 
classes can intersect. 
Now let U, v E P, u # v, and let b be the block containing u and u. Each 
nontrivial class of one of the partitions 0, containing both u and u must be a 
subset of b and thus must be in @ for some x. As a consequence, there is a 
unique pair O,“, 0,” of partitions intersecting in {u, v}. 0 
It is now easy to obtain a satisfactory answer to Conjecture 1 of Demetrovics, 
Fiiredi and Katona. We only have to apply the fundamental existence theorem 
for pairwise balanced designs, due to Wilson [lo]. From this theorem we obtain 
that a PBD-closed set containing 4 and 11 contains all sufficiently large integers. 
Thus we have the following theorem. 
Theorem 2. Idempotent solutions of the partition problem exists for all sufficiently 
large cardinalities. In particular, Conjecture 1 is true, with finitely many 
exceptions. 
For n = 10, we did not find an idempotent solution. However, the partition 
problem can yet be solved. A solution is 
Oi := {{i, i + 1, i + 3, i + 5}, {i + 2, i + 9}, {i + 4, i + 8}, 
{i+6,i+7)}modlO. 
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